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Abstract. We discuss the problem of finding an analogue of the concept of a topo- 
logical space in supergeometry, motivated by a search for a procedure to compactify a 
supermanifold along odd coordinates. In particular, we examine the topologies naturally 
arising on the sets of points of locally ringed superspaces, and show that in the presence 
of a nontrivial odd sector such topologies are never compact. The main outcome of our 
discussion is that not only the usual framework of supergeometry (the theory of locally 
ringed spaces), but the more general approach of the functor of points, need to be further 
enlarged. 



1. Introduction 

Geometries with anticommuting variables (supergeometries) have been introduced 
in connection with several issues in theoretical physics, notably to study supersym- 
metric field theories; physical motivations to introduce such geometries are briefly 
discussed in the next section. Supergeometries have been quite intensively studied in 
the 70s and 80s. (It is impossible to provide here any exhaustive bibliography; we only 
cite || as a general reference, and the basic works [JTT], [12], |39|, [|3|, [5(], [37], |58], [7|- 
More detailed references will be provided later on.) 

What are the proper analogues of major concepts of topology for such geometries? 
In particular, how can we find 'topologies' which are capable of carrying information 
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about the structure of superspaces 'in the odd directions' ? This is not an idle question, 
as, for example, finding the right 'super' analogue of compactness and the ways to 
compactify supermanifolds are likely to have an impact on the formulation of some 
physical theories. And the lack of a satisfactory cohomology theory for superspaces is 
just another manifestation of our failure to conceive (super)geometric objects which 
exhibit nontrivial topological structure in their odd sector. 

This article is especially written for a topological audience and aims at inviting 
researchers in topology to join the quest for methods to 'superise' their area of knowl- 
edge. 

We begin with an outline of the origins and basic ideas of supergeometry and its 
place in our days' theoretical physics. Then we present the sheaf-theoretic setting 
of supermanifold theory, serving as the basis for supergeometry, whose key notion is 
that of a locally ringed superspace. Our presentation is essentially self-contained. We 
discuss the problem, first explicitely stated by Leites and Manin, of finding superge- 
ometric analogues of compactness. 

In supergeometry, to every superspace there is associated a covariant functor from 
the category, Q, of all finite dimensional Grassmann algebras and graded-preserving 
algebra homomorphisms, to the category Sets of all sets and mappings. Such functors, 
X, are termed virtual superspaces. The image of a Grassmann algebra, A(q), of rank 
q under a virtual superspace functor, X, is denoted by pt q {£) and called the set of 
g-points of X. Let Top denote the category of all topological spaces and continuous 
mappings. It is quite natural to take as a basic concept of 'supertopology' that of a 
virtual topological superspace, that is, an object of the category Top 5 , formed by all 
covariant functors from Q to Top and the corresponding functorial morphisms. We 
will show that if X is a locally ringed superspace and the ground field k is topological 
(as is the case in all the standard examples), then for every q e N the set of g-points 
of X carries a natural topology. Therefore, a virtual superspace associated to an 
arbitrary locally ringed superspace has in fact a richer structure - that of a virtual 
topological superspace. We will show, however, that a virtual topological superspace 
determined by a locally ringed superspace and having a nontrivial odd sector is never 
'supercompact.' At best, such spaces are locally compact. 

The category of virtual topological superspaces possesses natural compactifications; 
however, it seems that some of the most interesting conjectural objects of 'super- 
topology' such as the hypothetical 'purely odd projective space,' do not correspond 
to objects of this category. 

In Section [| we establish an isomorphism between the category of all virtual topo- 
logical superspaces and a certain full subcategory of the category of topological G- 
spaces for some special semigroup G = £00, thus (at least, formally) reducing the 
theory of virtual topological superspaces to abstract topological dynamics and also 
achieving a somewhat greater generality than that offered by the functor of points. 
Whether or not the dynamical approach offers any tangible advantages, or at least 



3 



provides a new vantage point from which to survey the development of the theory 
and decide upon further directions, remains to be seen. 

We also briefly comment upon the status of cohomology theories for superspaces. 

Our resuls therefore suggest that, in order to embrace the phenomenon of compact- 
ness, the existing framework has to be further extended. The answer to the question 
asked in the title of this article is thus 'nobody seems to know (yet)!' 



2. SUPERGEOMETRY AND PHYSICS 

The origins of supergeometry lie in theoretical physics, and are to be sought for 



in the procedure of 'integrating over fermion variables' in quantum field theory f49 
This operation was performed by a formal device, now called 'Berezin integration' 
nj, which has been given a precise meaning in supermanifold theory in the papers 



34J] and |p9fl . The usage of anticommuting variables has been advocated also in 
connection with the dynamics of classical spinning particles [|13| , the theory of super- 
integrable systems j4Cj, and the BRS analysis of quantum field theories |L8|, [19], |3( 



However, the most relevant motivation for supergeometry is nowadays provided by 
super symmetric field theory and superstring theory. For same samples of applications 
of supergeometry to supersymmetric gauge theory and supergravity cf. [p2], |(], 

A supersymmetric field theory is a quantum field theory involving both bosonic and 
fermionic fields which is invariant under a transformation which mixes the two types 
of fields. The first examples of such theories are due to Volkov and Akulov and 



Wess and Zumino |73| (for an introduction to supersymmetry the reader may refer to 



71|]). We offer now a brief introduction to classical (pre-quantized) supersymmetric 
field theory. 

Let us start by recalling a few basic notions in field theory. The arena where physical 
facts take place is spacetime, which is usually supposed to be four- dimensional, three 
of its dimensions accounting for the usual three spatial dimensions, and the fourth 
dimension being identified with time. (However, in most supersymmetric and string 
theories spacetime is assumed to be higher dimensional, usually of dimension 10 or 
11.) One usually regards spacetime (at least when no gravitational forces are taken 
into account) as a Euclidean four- dimensional differentiable manifold equipped with a 
flat pseudo-Riemannian metric of signature (3,1) (so in pseudo-cartesian coordinates 
{x 1 } the metric g has the standard form g = diag(l, 1, 1, — 1)).Q 

There are two types of elementary particles, bosons and fermions. The basic mi- 
croscopic constituents of matter are fermions, such as electrons, quarks, neutrinos; 
they are represented in terms of fields by spinor fields on the spacetime manifold M. 
In mathematical terms, this means that fermionic fields are sections of spin bundles 
associated to the (principal) bundle of orthonormal frames on M. On the other hand, 
bosons are the carriers (quanta) of the forces acting between elementary particles: so 
photons are responsible for electromagnetic interactions, the W and Z particles for 

1 In theoretical physics the signature (1,3) is more often used. 
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weak nuclear interactions, and the gluons for strong nuclear interactions. Bosons are 
represented by tensor fields (basically because they are mathematically described by 
connections on principal bundles whose base manifold is spacetime M). 

At the classical (non-quantum) level all fields are supposed to satisfy partial differ- 
ential equations, called field equations, which be expressed as Euler-Lagrange equa- 
tions associated with a suitable action functional. The latter is usually assumed to 
be local, i.e., to be expressible as an integral of the type 



L dfx , 

' M 

where L (the Lagrangian function) is a function of the fields and their first derivatives 
with respect to the spacetime coordinates, and d\i is a suitable measure. 

A hint to the usage of supergeometry in supersymmetric field theory may be pro- 
vided by the Wess-Zumino model. The fields in this model are two complex scalar 

fields A, F, and a Dirac spinor field, ip a , a = 1 ... 4 (so A, F are bosonic fields, and 

a 

dx' 



ip is a fermionic field). The Lagrangian of the model is (letting di = -A-) 



L = -1 J2 {diAd'A* + ifa%ij>) + Iff*, 
1=1 

where * denotes complex conjugation and a bar denotes taking the adjoint spinor. 
Moreover, d % = Ylt=i 9 ik where g with upper indices is the inverse matrix to g, and 
the 7* (the Dirac matrices) are some matrices which are related to the construction 
of the spin bundles [[41] . 



The supersymmetry transformations rules for this model are given by 

A^ A + ieip 

tjj h-> i/j + diAfe + Fe 

F i-> F + ie^ditp . 

These transformations leave the Lagrangian L invariant up to first order in e if the 
parameters e a and the spinor components ip a anticommute among them, 

This simple model shows that already at the classical (non-quantum) level a con- 
sistent formulation of a supersymmetric field theory requires some generalization of 
differential geometry which is able to incorporate anticommuting objects. A first re- 
sult in this direction is due to Salam and Strathdee |6(J . Their construction is purely 
local, and amounts essentially to the description of the geometry of the tangent space 
to a supermanifold at a fixed point, yet it contains many of the basic ideas. Salam 
and Strathdee introduced the notion of superspace, formally described as a space 
parametrized by four real coordinates {x 1 } together with four additional coordinates 
{y a } satisfying the commutation rules x l y a = y a x l , y^y a = —y a y f3 . A scalar field 
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$(x, y) on superspace — usually called a superfield — can be developed in powers of 
the 'odd coordinates' y a , 

$(x,y) = (f> (x) + y a M%) + Yl y a y p M x ) 

l<o<4 l<o</3<4 

+ ^VWW*) + yVyY4>n34(x) . 

l<a</3<7<4 

The expansion is finite due to the nilpotency of the y a . The coefficients of this 
expansion can be expressed in terms of the fields of the Wess-Zumino model J72J . The 
formulation of a supersymmetric field theory in terms of superfields usually achieves 
remarkable simplifications |H| . 

A more intriguing appearance of supermanifolds in theoretical physics is the usage 
of moduli spaces of super Riemann surfaces in string theory The partition function of 
bosonic strings can be expressed in a form involving integrals over the moduli spaces 
of Riemann surfaces of all genera |3"2fl . There have been attempts to extend these 
results to the theory of superstrings (strings with fermionic degrees of freedom), by 
devising a 'superisation' of Riemann surfaces, and studying the moduli spaces of the 
resulting objects. Any additional details on this topic would lead us too astray; the 
interested reader may refer to |47|, |28], f|2|, p?fl . One should however notice that it is 
exactly in this context that a procedure to compactify supermanifolds also "along the 
odd directions" is likely to be more relevant. 

3. Graded algebra preliminaries 

Let k denote an arbitrary field. We will assume all algebras (over k) to be associa- 
tive and unital. The word graded will be always synonymous with Z 2 -graded. 

A graded vector space is a vector space E together with a fixed direct sum decom- 
position E = Eq © Ei. Elements of Eq are said to be even, while elements of E\ 
are referred to as odd. Correspondingly, the vector subspace Eq is called the even 
part (sector) of E, and E\ is the odd part (sector). For any element x G Eq U E\ one 
denotes by 5 G Z 2 the parity of x, determined by the rule x G E% and computed 
mod 2. Notice that elements of E \ (Eq U Ei) have no parity. Elements of Eq U Ei 
are called homogeneous. 

An example is supplied by the 'arithmetical' graded vector space k m ^ n , which is 
just the vector space k m+n equipped with the grading (fc m ' n )o = k m , (k ml,n )i = k n . 

Most of the basic constructions of linear algebra extend to the graded case and, in 
particular, direct sums and tensor products of graded vector spaces carry a natural 



(and often self-evident) grading. For details, we refer the reader to |48| . 

A graded algebra is an algebra carrying a structure of a graded vector space, A = 
A ffi Ai. The two structures are required to agree with each other in the sense that 
for every x, y G A U A x one has 

xy = x + y (3.1) 



() 



An associative unital graded algebra A = Ao © Ai is called graded commutative if for 
all x, y G A U A x one has 

xy = {-l)*Byx (3.2) 

This condition means that two even elements always commute with each other, as 
well as an even and an odd element, while two odd elements always anticommute. 

In particular, every commutative unital associative algebra, A, equipped with the 
trivial grading (Aq = A, A\ = (0)), yields an example of a graded commutative 
algebra. 

An ideal I C A of a graded algebra A is called graded if I = I Q) h, where 
7j = I n i — 1, 2. A graded commutative algebra A is called local if it contains a 
unique maximal proper graded ideal m; the quotient A/m is a field, called the residue 
field of A. It is always a field extension of the ground field k, possibly a proper one. 

The most important single example of a local graded commutative algebra is pro- 
vided by the exterior, or Grassmann, algebra A(q) of rank q. One way to describe 
A(g) is as an associative unital algebra freely generated by q pairwise anticommuting 
elements ^1,^2, . . . , £ 9 . In other words, every element of A(q) is a polynomial in the 
variables with coefficients from k, having the form 

where a C {1,2,..., q}, £ a = £ ai £ a2 . . . £ a , a| , and £ = I. Generators are subject to 
the anticommutation relations 

= for alH, j = 1, . . . , q (3.4) 

Every collection of q odd elements ai,...,a q of an arbitrary graded commutative 
(unital associative) algebra A determines a unique graded algebra homomorphism 
from A(q) to A with £j 1— > ctj. Such a homomorphism (or sometimes the corresponding 
collection cti,...,a q G Ai that fully determines it) is called, after the fashion of 
algebraic geometry, a A-point of A(q). 

An element of A(q) is even (odd) if it can be represented as a sum of monomials 
in the free anticommuting generators £j having each (respectively, odd) degree. The 
maximal graded ideal of A(q) consists of all nilpotent elements, which are exactly 
those polynomials p(£) having vanishing constant term. 

More generally, every Grassmann algebra A(q) supports a natural filtration by 
a decreasing family of graded ideals k = 1,2, ... , g, where Ik is formed by all 
elements in whose expansion (|3.3| ) one has a a = whenever \a\ < k. In particular, 
I\ is the maximal graded ideal of A(q). It is easy to verify that Ik ■ I m C Ik+ m - 

The augmentation homomorphism (also called, in supergeometric jargon, the body 
map) is the quotient homomorphism j3: A (q) — > A{q)/I\ = k, associating to every 
polynomial ( |3.3| ) the constant term a%. 
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The simplest nontrivial example of a Grassmann algebra is that of rank one, A(l). 
As a vector space, it is the direct sum of k and the linear span of an odd generator £. 
Every element of A(l) is then uniquely represented in the form a + &£, where a,b £ k 
and £ 2 = 0. The structure of A(l) is thus completely transparent, and in fact many 
phenomena occuring in Grassmann algebras of higher rank cannot be observed on 
such a simple example. 

Nevertheless, the following result, which will be used later on, shows that A(l) is 
an a sense 'large enough' to form a target for an onto homomorphism from every 
subalgebra of a Grassmann algebra with a nontrivial odd sector. 

Lemma 3.1. Let A be a graded unital subalgebra of a finite dimensional Grassmann 
algebra A(q). If the odd part of A is nontrivial, then there is a surjective graded 
algebra homomorphism h: A — > A(l). 

Proof. Define m as the smallest cardinality of a subset (3 C {1, 2, . . . , q} such that in 
the expansion ( |3.3|) of at least one odd element a £ A one has ap ^ 0. It follows from 
our assumptions on A that m is positive and odd. Fix such a (3. 

Denote by ( a fixed odd generator of the Grassmann algebra A(l) and define a 
grading-preserving A;-linear mapping A(q) — > A(l) by the rule 

^ a a £ a i-> a + a p C, (3.5) 

It is clear that the image of A under the above mapping is all of A(l), and thus it 
suffices to prove that its restriction to A, say h, is an algebra homomorphism. (It 
is easy to see that in general the linear map fl3.5|) is not a homomorphism on all of 
A(ff)0 

Let x, y £ A be arbitrary. Represent x = xq + x\^ + x 2 , y = yo + yi£@ + 7/2, where 
xo,Uo £ k, and in the expansion ( p.3|) of xi and 1/2 both the constant terms and the 
terms of order (3 vanish. One has 

h(x) = Xq + Xi(, 

h(y) = yo + yiC, (3.6) 

and consequently 

h(x)h(y) = x y + (xoVi + a?il/o)C ( 3 - 7 ) 

At the same time, 

xy = (x + xii p + x 2 )(y + yii p + y 2 ) 
= xoVo + {xqVi + xiVo)^ + 

X0II2 + yo%2 + x-iy-i ■ + (x x y 2 + x 2 yi)^ + x 2 y 2 (3.8) 

We claim that the image under h of the terms in the last line of the above formula 
is zero, which finishes the proof. Firstly, since x ,y £ k and h(x 2 ) = h(y 2 ) = 0, 
it follows from the linearity of h that h(x y 2 + yo% 2 ) = 0. Both x 2 and y 2 have 



8 



no constant term, which implies that the term of order /3 in the expansion ( |3.3| ) of 
(xiy2+x 2 yi)C, 13 vanishes (as well as the constant term of course) and, as a consequence, 
h{(xii)2 + x^yi)^) = 0. Finally, x 2 y2 has no constant term and it cannot have 
non-vanishing term of order (3 either, because otherwise either x 2 or y 2 would have 
contained a monomial of the form a 7 £ 7 with a 7 ^ 0, |7| odd, and I7I < m = \/3\, 
which is impossible by the choice of (3. □ 

In conclusion, notice that the choice of a system of free odd generators in a Grass- 
mann algebra is by no means unique, as there is no canonical way to select it, but 
this non-uniqueness does not affect the concepts or results above. 

A very detailed treatment of Grassmann algebras from the viewpoint of superge- 



ometry is to be found in the book [TTI . 



4. Basic notions of supergeometry 

4.1. Let A be a topological space. Recall that the topology of A forms a category, 
T(A), with inclusion mappings as morphisms. A presheaf of graded algebras on X 
is a contravariant functor, S: U 1— > S(U), from %(X) to the category of all graded 
algebras and grading-preserving homomorphisms, with the requirement that 1— > {0}. 
The elements of S(U) are called sections of S over U. If V C U, then the image of the 
inclusion V U under S is denoted by py and called the restriction morphism. A 
common shorthand for p v (f) is f\y. A presheaf, S, on X is called a sheaf if it satisfies 
the following two axioms. Suppose 7 is an open cover of an open subset U C X. 

1. If / G S{U) is such that p v (f) = for all V G 7, then / = 0. 

2. Suppose there is a collection f v e S(V), V G 7, such that whenever V,W G 7, 
one has Py nW (/v) = Pynwl/w)- Then there is an / G <S(£7) with p^(f) = f v 
for all V G 7. 



A sia/A; of a sheaf on 5 at a point x G A is the graded algebra direct limit = 
lim{«S(C/) : [/ 9 x}. If /: A — > F is a continuous mapping between topological spaces 
and S is a sheaf on A, then the direct image sheaf, f*(S), on F is defined through 
f*(S)(U) = S(f-\U)) for all open U C F. 



For the basics of sheaf theory, the reader may consult e.g. |30 . 

A locally ringed superspace (else: geometric superspace) over k is a pair X = (A, 5), 
where A is a topological space and Sx is a sheaf of local graded commutative k- 
algebras. The latter means, through a slight abuse of language, that for every V 7^ 0, 
S(V) is a local graded commutative algebra, and that every stalk Sx, x is a local 
graded commutative algebra. The unique maximal ideal of the unital algebra Sx, x 
will be denoted by iux,n and the corresponding residue field Sx, x /^x,x by kx{x) or 
simply k(x). Sections / G S(U) of the structure sheaf of a geometric superspace are 
called superfunctions on an open set U . 
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A morphism of geometric superspaces, f: X — > 2), / = (fo,f^), is formed by a 
continuous map f between the underlying topological spaces A and Y, and a local 
morphism of sheaves of unital fc-algebras <Sy — > /q,*(«Sx); locality means that 
for every x G A the induced (in an obvious way) homomorphism between stalks, 
/J: Sy./o^) -> «Sx>, satisfies the condition /|(m yjo(x) ) C m^- Here f ,*{S x ) is the 
direct image sheaf on F; in general it is not a sheaf of unital algebras. 

Let X = (X, S) be a geometric superspace, and let U be a non-empty open subset 
of A. Then (U, S\u) is a geometric superspace, which one may call an open geometric 
subsuperspace of X. 

For a section <p G Sx{U) over an open set £7 C A 7 " and for any x G U one can define 
the value of at x, denoted by tp[x], as the image under the augmentation homomor- 
phism from S x ,x to the residue field k(x) = Ox, x /"^x- The necessity to introduce the 
functor of points (cf. the next Section) is explained by the fact that superfunctions 
- and therefore morphisms between superspaces — are not uniquely determined by 
the collection of their values. (A similar phenomenon occurs in algebraic geometry 
with the structure sheaves of schemes with nilpotent elements.) 

Notice that every locally ringed space, X = (A, S), becomes a locally ringed super- 
space if one puts the trivial grading on the algebras of sections, S(U), making them 
coincide with their even parts and setting the odd parts equal to (0). We will call 
such superspaces purely even, or else bosonic. 

Every locally ringed superspace, X = (X,S), has a reflection in the category of 
locally ringed spaces and their morphisms, which we will denote by X even . It admits 
a very transparent description: the underlying topological space of X even is A, and 
for every open [/CI the algebra of sections is just S(U)q. It is easy to see that 
X even is indeed a locally ringed space (a purely even locally ringed superspace). The 
pair formed by the identity mapping of A and the embedding of the sheaf So into S 
forms a superspace morphism from X to X even , which we will denote by r even . It has 
the following universal property: for every purely even locally ringed superspace 2J 
and every superspace morphism / : X — > 2J there exists a unique morphism of locally 
ringed spaces /: X even -> 2J such that / = / o r even . 

Every locally ringed superspace, X, has also a purely even coreflection, denoted 
by %red and called the reduced subsuperspace of X. There is a canonical morphism 
i: X re d — > X such that every morphism from a purely even geometric superspace, 2), 
to X, factors through i. The structure sheaf of X re( i is the quotient sheaf of <Sx by 
the sheaf of ideals generated by the odd sector of Sx- 



Example 4.1. A definition of graded (super) topological space was given in [p5|| , and 
used to prove a 'superised' Haar theorem (i.e., it was proved that on a graded topo- 
logical group the only Berezinian measure invariant by graded translations is the one 
associated with the ordinary Haar measure of the group). In this construction the 
structure sheaf is locally isomorphic to the tensor product of the structure sheaf of 
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the underlying ordinary topological space times an exterior algebra. However, this 
concept is rather restrictive, and we will not be examining it in what follows. □ 

4.2. Supermanifolds. An important example of a locally ringed superspace over 
k = R is provided by a graded domain JJ m,n of dimension (m,n), where m,n are 
natural numbers. Its underlying topological space is an open domain, U, in an Tri- 
dimensional Euclidean space, while the structure sheaf is isomorphic to the sheaf of 
germs of infinitely smooth mappings from U to the Grassmann algebra of rank n. In 
other words, for every open subset V C U the graded algebra of superfunctions on 
V, S{V), is isomorphic to the graded tensor product C°°(V) £g> A(n) = C°°(V, A(n)), 
where C°° is the sheaf of smooth real- valued functions on U C R m . 

By definition one has an epimorphism of sheaves of R-algebras 7r: S — > One 
easily checks that for every x G U the maximal ideal of S x is the inverse image of the 
maximal ideal of under tt. The kernel of 7r coincides with the sheaf of nilpotents 
of S, which we denote Af. The quotient Af /Af 2 turns out to be a free sheaf of rank n 
on U, i.e., it is isomorphic to [C°°] n . 

If n = 0, the definition of a graded domain is identical with that of a smooth 
domain of dimension m. At the other end there is the case m — 0, leading to a 
'purely odd' superspace which we will denote by pt n . Its underlying topological space 
is a singleton, {*}, while the constant structure sheaf has A(n) as the algebra of global 
sections. The (0, 0)-dimensional superdomain pt is just a singleton considered as a 
trivial smooth manifold. Notice also that the purely odd superspace pt q makes sense 
for an arbitrary field k and not just for k — R. One can introduce the concept of 
the spectrum of an arbitrary graded-commutative algebra A very much in the same 
fashion as it is being done in algebraic geometry for commutative algebras, then the 
superspace pt q is exactly Spec A(g) ]PJ. 

If U = M m and n is a fixed natural number, the corresponding graded domain is 
called a Euclidean superspace and is denoted R m ' n . 

A (real) smooth finite dimensional supermanifold (graded manifold), X, of dimen- 
sion (m, n) is a geometric superspace over the ground field k = R that is locally iso- 
morphic to an (m, n)-dimensional graded domain. The underlying topological space 
of X is a smooth manifold X of dimension m. Every superdomain is a supermanifold. 
Every smooth manifold is at the same time a supermanifold of purely even dimension 
of the form (m, 0). 

Also in this case one has an epimorphism of sheaves of R-algebras it: S — > Cx, 
whose kernel is the nilpotent subsheaf M of S, and the quotient £ = Af /Af 2 is a 
locally free C^-module of rank n, i.e., it is the sheaf of sections of rank n real, smooth 
vector bundle E on X. Moreover (as it follows from the local isomorphism of (X, S) 
with a graded domain) S is locally isomorphic to the exterior algebra sheaf of £ (the 
sheaf of sections of the vector bundle AE, whose fibre at a point x e X is the exterior 
algebra AE X ). 
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Morphisms between sup ermanif olds are just the geometric superspace morphisms 
described above. Thus, supermanifolds form a full subcategory of that of locally 
ringed superspaces and their morphisms. 

The category of supermanifolds has direct products |33|, || . 



4.3. Global structure of supermanifolds. If E is a rank n vector bundle on an Tri- 
dimensional differentiable manifold X, and £ is the sheaf of sections of E, let S = AS 
be the exterior algebra sheaf of £ , i.e. the sheaf of sections of AE. It is quite easy to 
check that {X,S) is an (m, n) dimensional supermanifold. The vector bundle that, 
according to our previous discussion, can be associated to (X, S), is straightforwardly 
proved to be isomorphic to E. 

We may wonder whether this construction is general, in the sense that, given a 
supermanifold (X, S), the sheaf S is globally isomorphic to the exterior algebra sheaf 
of N /A/" 2 . This is indeed true, and this is usually known as Batchelor's theorem. 



2\ 



are 



Theorem 4.2. Let {X,S) be a supermanifold. The sheaves S and A(N/N' 
globally isomorphic as sheaves of graded commutative H-algebras. □ 

This isomorphism is not canonical; as a matter of fact, the isomorphisms between 
S and A(N /N 2 ) are in a one-to-one correspondences with the sections of the epimor- 
phism 7r : S — > Cx , namely, with the morphisms of sheaves of M-algebras a : Cx — > S 
such that 7r o o = idc% ■ The original proof of Theorem |4.2| involves nonabelian sheaf 
cohomology Q. A deformation-theoretic proof was given by Blattner and Rawnsley 
[ pj[ ; a detailed account of the latter is given in [Q. 

The validity of Batchelor's theorem relies on the fact that the structure sheaf S 
of a (real) supermanifold has trivial Cech cohomology since it admits partitions of 
unity. It is for instance known that Batchelor's theorem does not hold for complex 



(holomorphic) graded manifolds, cf. [31 



Meticulous introductions to locally ringed superspaces and supermanifolds (graded 
manifolds) are to be found in [[□], |3^, |43], |39], [46], [5| . 



5. Functor of points 

The functor of points traces its origins to algebraic geometry. Here we will present 
it in the form it assumed in supergeometry. 

Let X be an arbitrary superspace, and let q G N. A q-point of 3i is any superspace 
morphism x: pt q — > X. 

We will first establish the following analogue of a well-known result holding for 



locally ringed spaces [25j[ 



Proposition 5.1. Let X = (X,S) be a locally ringed superspace over an arbitrary 
field k. The 0-points ofX are in a natural one-to-one correspondence with those points 
x G X having k as their residue field ('smooth points'). 
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Proof. Since every unital algebra homomorphism between fields is an isomorphism, 
the image of {*} under a 0-point must have k as its residue field. On the other hand, 
a morphism pt Q — ► X is uniquely determined by the choice of the underlying mapping 
{*} — > X, which is in turn given by selecting a point in X. □ 

The following observation helps to clarify the origin of the terminology. 

Corollary 5.2. If X = {X,S) is a supermanifold, then ^-points of X are in a natural 
one-to-one correspondence with the points of the underlying smooth manifold of X. 

Proof. The result follows from the isomorphism S x ~ £g> A(n) holding for every 
x G X. Here C°° is the sheaf of C°° functions on X, and n is the odd dimension of 
X. □ 

Denote the collection of all g-points of X by pt q (X). The following is obvious from 
this definition. 

Proposition 5.3. Let U be an open subsuperspace of a locally ringed superspace X . 
Then for every q 6 N the set pt q {U) forms a subset of pt q (X) in a natural way. □ 



Remark 5.4. A superspace need not have g-points at all. Using Proposition |5.1| , it is 
easy to construct a nontrivial geometric superspace X such that for every q, the set 
pt q (X) is empty, see e.g. a similar example in |53l . □ 



Let Q denote the category of all finite dimensional Grassmann algebras and grading- 
preserving unital algebra homomorphisms. The opposite category, Q op , is equivalent 
to the category of all sup ermanif olds of the form pt q , where q varies over N. 

Let (p: A (q) — > A(p) be a morphism of graded algebras. It determines a superspace 
morphism ip^\ pt p — ► pt q going in the opposite direction. If now x: pt q — * X is a q- 
point of a locally ringed superspace X, then the composition xo^ is a p-point of X. 
Thus, if determines a mapping 

V (X):pt q (X)^pt p (X) (5.1) 

having the form 

pt q (X) 3 xo<^ ept p (X). (5.2) 

Using this observation, it is easy to verify that the correspondence 

A(q)^pt q (X), V ^ V (X) (5.3) 

from the category Q to the category Sets of sets and mappings is a covariant functor. 
It is of course representable by its very definition, with X as the representing object: 



pt q (X) = Rom (pt q ,X) 



(5.4) 
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Definition 5.5. Denote by Sets' 5 the category formed by all covariant functors 
X: Q — > Sets and naturally defined functorial morphisms between them. Objects 
of this category, X, are called virtual superspaces. To maintain consistency of our 
notation, we will denote the image of A(q) under a functor X by pt q {X). A mor- 
phism from a virtual superspace X to a virtual superspace 2J (a functorial mor- 
phism) is a collection of mappings /„: pt n {X) — > pt n (2J), n G N, commuting with 
mappings between the sets of points induced by each morphism between Grass- 
mann algebras: if h: A (n) — > A(m) is such a morphism, then it induces mappings 
h{X): pt n {X) — > pt m {X) and fo(2J) : p£ n (2J) — > pi m (2J), and the requirement making 
/ into a functorial morphism is that 

f m °h{3L) = h{<&)of n (5.5) 

□ 

By assigning to every locally ringed superspace X the virtual superspace of the 
form [A(q) i— > one obtains a functor from the category of locally ringed 

superspaces and superspace morphisms to the category of virtual superspaces and 
their morphisms. Indeed, every superspace morphism /: X — > 2J gives rise to a 
collection of mappings f q : pt q {X) — > pt q (%)) in a consistent way. Here 

/ 9 (x) = / o x G pt ff (2)) (5.6) 

for every g-point x of X. 

For more on the relationship between smooth supermanifolds and the associated 
virtual superspaces, see e.g. |16|, |67|j . 

Example 5.6. The set pt q (M. m,n ) of g-points of the (m, ra)-dimensional Euclidean su- 
perspace W m ' n is the even sector of the graded vector space A(q) ® M m ' n , where ]R m l n 
stands for the graded vector space M. m ©IR n . To put it otherwise, pt q (M. m ' n ) is the set 
of elements of the vector space 

[M m ® A(g) ]©[M n ® A(g)i], (5.7) 

where of course A(q)i, i — 0, 1 denote the even and odd sector of A(q), respectively. □ 



Remark 5.7. The image, ptx(^ m,n ), under the functor of points determined by W m,n 
of one or another 'grassmannian' algebra A forms a graded A-module, A m,n , which 
was routinely accepted as the basic object of superanalysis by many theoretical and 
mathematical physicists. The resulting approach to supergeometry is known as the 

The approach we are following here 

m pi p, p, m. a 



DeWitt-Rogers approach, cf. [^, [56|, |5^, ^ 
is known as the Berezin-Leites-Kostant approach, cf. |T 
functorial link between the two approaches to supermanifolds was pointed out by 
Leites and (independently) A. Schwarz |6T 
date. A brief discussion can be found in |50[| and 



and remains largely unexplored to 
. See also a paper by Schmitt BF 



containing an excellent account of the functor of points in supergeometry. An early 
reference is a Stokholm preprint by Bernstein and Leites |LTB[. Some nontraditional 
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aspects of the functor of points in infinite dimensional geometry are discussed in |54| . 
Notice that, if A is an infinite-dimensional 'grassmannian' algebra, then it usually 
carries a natural locally convex algebra topology which has to be taken into account 
in the definitions; the emerging subtleties may be disruptive for the expected pattern 
of results, cf. [Ell. □ 



Remark 5.8. Some virtual superspaces are represented by actual geometric super- 
spaces, while others are not. Rather than constructing relevant examples now, we 
will wait till a host of such virtual superspaces will appear in a natural way in later 
parts of this article, cf. Remark |7i| □ 



Remark 5.9. The category Sets' 5 being a category of functors to Sets, has a certain 
additional structure making it a topos in the sense of p8f, that is, a nonstandard 



model of set theory, and in this role it has already received some attention | T5fl . 
Being a topos leads to the existence of a transfer principle: every statement, (ft, about 
sets made in a certain language can be translated into a statement, <fi>, about virtual 
superspaces, and cf) is true if and only if ft is true. Here supergeometry comes close 
to topos theory, though no serious investigation of the extent to what the classical 
results can be 'automatically superised' through the topos Sets s has been done so far. 
In particular, the structure of the topos of virtual superspaces must be investigated 
in much great detail, and the first step is to understand the expressive power of the 
language associated to the topos of virtual superspaces. □ 

Virtual superspaces can be considered as 'shadows' of actual objects of supergeom- 
etry, or sometimes as 'blueprints' for those objects still to be constructed. They are 
of little use in themselves. The authors of IJ have stressed that the progress in some 
areas of mathematical physics is hampered by the fact that though some objects (say, 
supermoduli spaces) admit a pretty clear interpretation through the functor of points, 
there are known no 'genuinely geometric' objects of supergeometry representing them 
- while such objects, and not their 'shadows,' are exactly what one needs for work. 



6. Virtual topological superspaces 



We begin with an auxiliary construction. Let X = (X, S) be a locally ringed super- 
space over a field k, let q G N, and let / be a superfunction on X. For an arbitrary 
x G pt q (X), the sheaf morphism yr is in essence a graded algebra homomorphism 
from the stalk Sx,^(*) to the Grassmann algebra A(g). (Here * is the only element of 
the topological space underlying pt q .) Denote by the germ of / at the point x (*). 

Let 

/,[*] = x» (/*) (6.1) 

This is an element of the algebra of global sections of pt q , which is isomorphic to the 
Grassmann algebra A(q). As x runs over the set of all g-points of X, we thus obtain 



15 



a mapping 



f q : pt g (X) ^ A(q) 



(6.2) 



Notice that for q — 0, the element fo[x] coincides with the value of / at the point 
Xo(*), that is, the image of the germ of / under the augmentation homomorphism 



Definition 6.1. Let A; be a topological field, and let X = (X,S) be a locally ringed 
superspace over k. For every natural number q, we define the natural topology on 
the set pt q (X) as the coarsest topology with the following property: for every open 
subset [/CI and every superfunction / G S(U), the mapping f q : pt q (U) — > A(q) is 
continuous with respect to the subspace topology on pt q {U) and the standard product 
topology the Grassmann algebra supports as a finite dimensional vector space over k. 

Here is a convenient reformulation of the above definition. 

Proposition 6.2. The space pt q (X) equipped with the natural topology is canonically 
homeomorphic to the direct limit topological space lim u~U , where U runs over all open 
subsets of X ordered by natural inclusion and each U is equipped with the coarsest 
topology making every mapping f q : U — > A(q) continuous, f G S(U). □ 

In particular, the above reformulation shows that the natural topology is well- 
defined on sets of g-points for every locally ringed superspace over an arbitrary topo- 
logical field. 

Example 6.3. If the structure sheaf on a 'purely even' superspace X = (X, S) is a 
subsheaf of that of germs of continuous /c-valued functions on X, then the natural 
topology on pt (X) is contained in that induced from X. In particular, if X is either 
a Tychonoff topological space with the sheaf of germs of continuous functions, or a 
smooth manifold with the sheaf of germs of smooth real-valued functions, then X 
coincides with the set of all 0-points and the natural topology on X is identical with 
the initial topology. □ 

Example 6.4. The natural topology on the set of g-points pt q (pt p ) = (A(g)i) p is easily 
shown to coincide with the product topology. □ 

Example 6.5. Let X be an arbitrary topological space. We make it into a (purely 
even) locally ringed superspace by equipping X with the sheaf of germs of continuous 
real-valued functions, endowing all algebras of sections with trivial (purely even) 
grading. It is well known and easily proved that the stalks, S x , of a locally ringed 
space thus defined admit no non-trivial R-valued derivations, and consequently the 
only homomorphism S x — > A(q) is that of augmentation, / i— > f(x). Consequently, 
for every q G N, the set of g-points of X admits a canonical bijection with X itself, 
and the topology on pt q (X) is the completely regular replica of the topology of X. 
In particular, if X is Tychonoff, then pt q (X) is canonically homeomorphic to X itself 
for each q. □ 




k. 
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Lemma 6.6. For every graded algebra morphism if: A(p) — > A(q), the corresponding 
mapping <f(X): pt p (X) — > pt g (X) is continuous with respect to the natural topologies 
on both spaces. 

Proof. Let an open subset [/CI and / G S(U) be arbitrary. Since the functions of 
the form f g : pt q (U) — »■ A(g) determine the topology on pt g (X), it is enough to verify 
that the 'pull-back' of f g on pt p (U) by means of the mapping f(X) : pt p (X) — > pt g (X) 
is continuous. In other words, it suffices to check the continuity of the mapping 

fg\pt q (u) ° : pt P (U) -> A(g) (6.3) 

To this end, it is enough to notice that / g o <f(X) is the composition of the continuous 
mapping f p \ p t p (u) with the graded algebra homomorphism if which is also continuous 
as a linear mapping between finite dimensional spaces. □ 

The following is an immediate corollary. 
Proposition 6.7. The correspondence 

Ptg H-> ptg(X), if h-> lf[X) (6.4) 

is a covariant functor from the category Q to the category Top. 



Definition 6.8. A covariant functor from Q to Top will be called a virtual topological 
superspace. The category whose objects are the virtual topological superspaces, and 
whose morphisms are the corresponding functor morphisms, will be denoted by Top 5 . 



Lemma 6.9. For every morphism f : X — > 2) between two locally ringed susperpaces 
and for every q G N the mapping f q : pt g (X) — > pt g (%)) defined by formula \5.6] is 
continuous with respect to the natural topologies. 

Proof. For each open subset U C Y and every superfunction g G Sy{U), the pull-back 
g g o f q coincides with (f^(g)) g , where is an element of the algebra of sections 

fo,*{Sx){U), canonically isomorphic to Sx(fo {U)), and is therefore continuous on 

pt q (fo\U))- □ 

The following is an immediate corollary. 
Proposition 6.10. The assignment of a virtual topological superspace to every locally 



ringed superspace described in Proposition 6.7 is functorial (in a covariant way). □ 



The following structural result is very simple yet useful. 

Proposition 6.11. Let X be a virtual topological superspace. Then for every natural 
q, the space pt g {X) forms a fibration over pt (X) in a canonical manner. If X is 
[determined by] a locally ringed superspace, then the fibre over x is homeomorphic to 
Hom(«S :c ,A(g)). 
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Proof. The augmentation homomorphism {3: A (q) — > k = A(0) determines a super- 
space morphism /3, : pto(X) — >• pt q (X). The image of /3. under the functor X is a contin- 
uous mapping and therefore supplies the desired canonical fibration (3,{X) : pt q {X) — > 
pt (X). The inclusion A(0) = k A(q), A i— > A • 1 is a homomorphism of unital 
graded algebras and therefore determines a superspace morphism i: pt q — > pt ; one 
thus obtains a continuous mapping i(X): pt (X) — ► pt g (X). The obvious property 
P o i = i implies that (3{X) o i(X) = i(X), that is, /3(X) is a retraction of pt q {X) onto 
a subspace homeomorphic to pto(^) ; an d in particular all fibres are nonempty. 

Now assume that X is determined by a locally ringed superspace, which we will 
for simplicity denote with the same symbol X = (X,S). According to Proposition 
|5.1] , 0-points of X correspond to those points x G X having k as their residue field. 
It follows that if x: pt q —>■ X is a g-point, then x (*) = x G X is a 0-point of X, 
while x* can be thought of as an arbitrary graded algebra homomorphism from the 
stalk S x to A(g). Notice that x (*) is exactly /3(X)(x). Therefore, the collection 
of all g-points x with xo(*) = x coincides with the fibre of the canonical fibration 
(3,{X) : pt q {X) — > pt (X) over the point x. Another way to describe this fibre is as the 
collection, Hom(5 x , A(g)), of all graded algebra homomorphisms from the stalk S x to 
A(q). The proof is thus finished. □ 



7. Non-compactness of locally ringed topological superspaces 

It is natural to call a virtual topological superspace, X, compact if for every q, 
the topological space of g-points, pt q (X), is compact. In other words, those compact 
superspaces residing within a particular fragment of supertopology that we are con- 
sidering now form objects of the category Comp s . However, here we will show that 
the only occurences of such a phenomenon are in a sense trivial, and thus, informally 
speaking, the phenomenon of compactness along the odd directions is never observed 
among virtual topological superspaces. 

First of all, we need to define what does it mean that a virtual topological super- 
space determined by a locally ringed superspace is nontrivial in the odd sector. 

Definition 7.1. Let X be a locally ringed superspace. We say that the virtual topo- 
logical superspace determined by X is trivial in the odd sector if for every q e N and 
x G pt q {X) the graded subalgebra >r(S x ) of A(g) has trivial odd sector. 

Here is an equivalent reformulation of the same concept. Recall that i: X re d — > X 
is the canonical morphism from the reduced subsuperspace (even co-reflection) of X. 

Proposition 7.2. Let X be a locally ringed superspace. The corresponding virtual 
topological superspace is trivial in the odd sector if and only if for every q G N, 
the continuous mapping i q : pt q {X re d) pt q {X) is a homeomorphism. Equivalently, 
the functor associating a virtual topological superspace to X factors through the even 
corefiection X re d- □ 
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Put loosely, this is the case where the odd sector of a superspace, X, tells us nothing 
about the topology on g-points that is not already encoded in the even subsuperspace 

Lemma 7.3. Let X be a locally ringed superspace, and letx G pto(X) and q G N. The 
restriction of the natural topology to the fibre, Hom(S x , A(qj), of the canonical fibra- 
tion pt q (X) — > pto(X) over x coincides with the topology induced from the Tychonoff 
topology on the infinite product A(q) Sx under the embedding Hom(S x , A(q)) A(q) Sx . 

Proof. The natural topology on the fibre Hom(iS x , A(q)), formed by all g-points x 
with Xq(*) = x, is, by the definition, the coarsest topology making every mapping of 
the form 

x^f[x] (7.1) 

continuous, where / G S(U), and U is an arbitrary open neighbourhood of x. Let 
be a homomorphism from the stalk S x to A(q) associated to x, then the natural 
topology is the coarsest one making every mapping of the form x i— ► h^f) continuous, 
where / is the germ of a superfunction / as above. This is exactly the topology of 
simple convergence on elements of the stalk S x , that is, the topology induced on 
Hom(5j„ A(q)) from A(q) Sx , as required. □ 

The following result shows that among virtual topological superspaces determined 
by locally ringed superspaces, every compact superspace is trivial in the odd sector, 
that is, it comes from a locally ringed space rather than superspace. 

Theorem 7.4. Let k be an infinite topological field, and let X = (X,Sx) be a locally 
ringed topological superspace over k. Assume that the topological space pt\{X) (with 
the natural topology) is compact. Then the virtual topological superspace determined 
by X is trivial in the odd sector. 

Proof. Assume that the virtual topological superspace determined by X is non-trivial 
in the odd sector, that is, there is a q G N + and a g-point of X, x, such that A = x^(S x ) 
has nontrivial odd sector as a graded subalgebra of A(q). According to Lemma |3.1| , 
there is a surjective morphism of graded algebras j : A — > A(l). Denote by (3: A — > k 
the restriction of the augmentation homomorphism A(q) — > k to A. It is clear that for 
every even element ao G A one must have j(ao) = /3(ao). From here it follows that 
for every value of the parameter A G k the linear mapping j\: A — >• A(l) determined 
by j\(ao + a\) = P(a ) + Xj(ai), di G A4, i = 0, 1, is a graded algebra homomorphism. 
For two different values Ai 7^ A2, the homomorphisms j\ 1 and j\ 2 are distinct. Every 
composition of the form j\ o x" is a graded algebra homomorphism from S x to A(l), 
and therefore determines a 1-point of X, and, moreover, an element of the fibre of the 
fibration pti(X) — > pto(X) at the point x (Proposition |6.11| ). We will denote such a 



1-point by x\. For different values of A, the points x\ are different. It follows from 



Lemma |7j3| that the set of all points {x\ : A G k} equipped with the natural topology 



is canonically homeomorphic to the basic field k. Indeed, in the topology of pointwise 
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convergence, a net X\ v converges to a point x M if and only if for every z G A(q) the 
net j\ u {>fi{z)) converges to jn(xr(z)), which is easily shown to be equivalent to the 
convergence X u — > \i. Moreover, the set \x\ : A G k} is readily verified to form a 
one-dimensional affine subspace in A(q) Sx and therefore is closed with respect to the 
(locally convex Hausdorff) Tychonoff product topology on A(q) Sx . Since an infinite 
topological field is never compact [fT4}| , it means that the fibre of pti(X) over x is 



non-compact. But it is closed in pti(X), which is a contradiction. □ 

Remark 7.5. Observe that the category of virtual topological superspaces possesses 
'compactifications.' Suppose a virtual superspace, X, is 'Tychonoff' in the sense that 
for each q, the space pt q (3L) is Tychonoff. Define for each n£N 

pt n (j3X) = f (3(pt n (X)), (7.2) 

where {3 denotes, as usual, the Stone-Cech compactification. Every continuous map- 
ping /: pt n {£) — > pt m {£) extends to a unique continuous mapping /: (3{pt n {X)) — > 
(3(pt m (X)), which enables one to turn the correspondence A(n) — > (3{pt n {X)) into 
a covariant functor and indeed a virtual topological superspace, containing X as a 
virtual topological subsuperspace in a natural fashion. 

Since every supermanifold X is 'super- Tychonoff' in the sense that the natural 
topology on each set pt n X is Tychonoff, it admits a nice compactification in the cat- 
egory of virtual topological superspaces. The compactification procedure for virtual 
topological superspaces certainly deserves further attention. However, we want to 
stress that it does not provide an answer, or at least a complete answer, to the prob- 
lem of compactifying supermanifolds — simply because, as we will see shortly, some 
of the most intriguing hypothetical objects of supertopology, such as the purely odd 
projective superspace, do not correspond to any virtual topological superspace. The 
setting of functor of points is, thus, too restrictive. 

Remark 7.6. The above construction enables one, nevertheless, to produce numer- 
ous examples of virtual topological superspaces that do not come from locally ringed 
superspaces. Such is, for instance, the above described 'compactification' of [the vir- 
tual topological superspace assigned to] any supermanifold, X, whose odd dimension 
n ^ 0. 

Let us consider the simplest case, that of X = pt\. Assume that P(pti) is of the 
form A(q) i— > pt q (%)) for some locally ringed superspace 2). Notice that then 

Ptoffl = /?({*}) = M> (7-3) 

and 

P*i(2)) = Pfrifri)) = 0(A(l)i) = 0R. (7-4) 

According to Theorem [7.4| , one can assume without loss in generality that 2) is purely 
even, that is, a locally ringed space. In such a case, all 1-points of 2) are just 0-points, 
that is, pt\(%)) = {*}, a contradiction. □ 
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8. Virtual topological superspaces as topological G-spaces 

In this Section we will show how the theory of virtual topological superspaces can 
be fused into the setting of abstract topological dynamics. 

Denote by A(oo) the Grassmann algebra of infinite rank, that is, the associative 
unital graded algebra freely generated by a countably infinite set {£1, £ 2 , • • • , £n, ■ ■ ■ } °f 
pairwise anticommuting elements. (Cf. e.g. |57| .) We will fix a family of generators in 



what follows. The algebra A(oo) can be represented as the direct limit (in fact, union) 
of the increasing family of Grassmann algebras A(n) of finite rank. We will always 
assume that A(n) sits canonically inside A(oo) by identifying the former algebra with 
the subalgebra of the latter generated by the first n free odd generators, £1, £ 2) • • • j Cn- 
This standard embedding will be denoted by i n : A(n) A(oo). We will denote by n n 
the canonical retractive homomorphism from A(oo) to A(n), sending the generators 
£i to themselves for i = 1,2, ... ,n and to zero for i > n. We will also denote the 
canonical embedding of A(n) into A(m), n < m, by i n , m . Notice that i m ^ n = ir m o i n . 

Denote by End A(oo) the (unital) semigroup of all graded algebra endomorphisms of 
A(oo). It can be identified with the set A(oo)^ of all infinite sequences of odd elements 
of A(oo), because such sequences are in a natural one-to-one correspondence with 
endomorphisms of A(oo). (This identification is not canonical though, as it depends 
on the choice of a family of odd generators for A(oo).) Moreover, the semigroup 
operation on such sequences can be easily interpreted in terms of substitution of 
variables. (The interested reader may consult [|TTJ to see how it is being done for 



finite-dimensional Grassmann algebras in the context of change of odd variables and 
Berezin integration; the extension of the procedure to the algebra of infinite rank is 
straightforward and indeed insightful. However, we are not going to make any use of 
it in this article.) 

Let the symbol stand for the subsemigroup of EndA(oo) consisting of all en- 
domorphisms /: A (oo) — > A(oo) with finite dimensional range. Equivalently, an 
/ G EndA(oo) is in if and only if one has /(A(oo)) G A(n) for a suitable fieN, 
that is, / = i n o 7r n o /. 

Observe also that every n n belongs to E^, and moreover if / G EndA(oo), then 
both fn n and ir n f are in S^. One can identify with the set of all elements of 
A(oo)f all of whose coordinates depend (as polynomials) on the same finite collection 
of odd variables. 

Let Ibe a virtual superspace, that is, a covariant functor from Q to Sets. Denote 

by 

ptoo(X) = lim{ pt q (X),pt g (i n , m )} (8.1) 

the limit of the direct system {pt q (X) , pt q (i n rn )} of sets and mappings. Recall that 
elements of such a direct limit are equivalence classes of the disjoint union U g€N pt q (%) 
under the equivalence relation defined as follows: an element x G pt q (3t) is equivalent 
to an element y G pt n (X) if and only if for some m > n,q one has pt q {i q ^ m ){. x ) = 
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pt n (in,m)(y)- The notation we will use for two equivalent elements: x ~ y. The 
equivalence class of an element x G pt n (X) is denoted either by [x] or else by i n (x), 
and thus one obtains canonical mappings i n : pt n (X) — ► pt^X), n G N. 

Every projection 7r„: A (oo) — > A(n) determines a mapping 7r„: pt^X) — > pt n (X) 
as the direct limit of mappings (7r n oi ; -): ptj(X) — > pt n (X), j — > oo. The following 
result is readily deduced from the functoriality of X. 

Lemma 8.1. For every n G N, 7r n ? n = Id P ( n (x). □ 

If X is a virtual topological superspace, the direct system in ( |8.1| ) consists of topo- 
logical spaces and continuous mappings, and the set pt^X) carries a natural topology, 
making it into the the topological space direct limit: the topology is by definition the 
finest one making each mapping i n : pt n {X) — > pt^X) continuous. 

Example 8.2. Let R 1 ' 1 denote, as before, the standard (1, 1) -dimensional smooth su- 



perdomain. It follows from Examples |5.6| and |6.4j that for every q the topological 
space pt^R 1 ' 1 ) is canonically homeomorphic with the (underlying topological space 
of) the Grassmann algebra A(q). Consequently, the topological space pi^R 1 ' 1 ) is 
homeomorphic with the injective limit of topological spaces A(q), q —>■ oo under the 
natural inclusions, and thereby with the (underlying topological space of) the infinite 
dimensional Grassmann algebra A(oo), equipped with the finest locally convex topol- 
ogy. (As a topological vector space, A(oo) is isomorphic to R w , equipped with the 
finest locally convex topology, which topology in its turn is well known to coincide, 
for the countable number of direct summands, with the box product topology.) □ 



Example 8.3. If, as in Example |6.5| , X is a topological space made into a purely even 
locally ringed superspace in a natural way, then pt^X) is canonically homeomorphic 
to X itself. □ 

Proposition 8.4. The semigroup in a natural way on the set ptoo(X). If X 

is a virtual topological superspace, the action of upon the topological space pt^X) 
is one by continuous transformations. 

Proof. Let g G Soo- For every n G N, g n = gi n is a graded algebra homomorphism 
from A(n) to A(oo), and for a suitable j, one has g n = ijiTjg n . The graded homomor- 
phism 

def 

9j,n = Ttjgn = TCjgi n : A (n) -> A(j) (8.2) 

determines a mapping from pt n {X) to ptj(X), which we will denote by gj >n . Set 
g n = ijgj, n ] it is easy to see that the definition of the mapping g n : pt n (X) — > ptoo(X) 
is independent of the actual choice of j as long as A(j) contains the range of g. 

If x G pt n (X), y G pt m (X), and x ~ y, then quite evidently g n (x) = g m (y). This 
means that the system of mappings g n , n G N, gives rise to a mapping of pt^X) 
to itself, which we will denote by the same letter g as the original element of the 
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semigroup £oo. This mapping is called the motion of ptoo(X) determined by g, or 
simply a g-motion. For every k G A(oo), one has 

g(n) = [g n (x)}, (8.3) 

where n G N, x G A(n), [x] = k, and the square brackets symbolize the equivalence 
class containing a given element. As it is customary in dynamics, we will often write 
gn instead of g{n). 

Notice that in the topological case all participating mappings are continuous, in- 
cluding the motion mapping g: pt^X) — > pt^iX). 

It remains to verify that for each x G pt^X), one has (gh)(x) = g(h(x)). To prove 
this, choose an element, x G pt q (X), of the equivalence class x for some q G N. Let 
m, n G N be arbitrary natural numbers such that q < m < n and range C A(m), 
range(g m ) C A(n). Then ir m o h o i q : A (g) — > A(m) and 7T n o g o i m : A (m) — > A(n) 
are graded algebra homomorphisms, whose composition coincides with 7r n o (g o /i) o 
z 9 : A (g) — > A(n). Since X is a covariant functor, one must have 

g n , m h m , q = (gh) ntq} (8.4) 
and consequently i n gn, m h m , q = in{gh) nq) that is, g m h m , q = (gh) q . Since fc rn i m = Id m 



by Lemma |J, ^ m /i 9 = g m n m imh m ,q = (gh) q . In particular, g m (h q (x)) = (gh) q (x) 
and according to (|3.3|), 



g(/i(«)) = g[h q {x)] 

= [g m (h q (x))\ 

= (8.5) 

finishing the proof. □ 

Theorem 8.5. The category of virtual superspaces is isomorphic to a full subcategory 
of the category of Soo-sets. 

Proof. First of all, we wish to turn the assignment of a £oo-set to every virtual su- 



perspace, described in Proposition ^J, into a covariant functor between the corre- 
sponding categories. Let X and 2) be two virtual superspaces, and let / : X — > 2) be 
a morphism between them, that is, a collection of mappings f n \ pt n {X) pt„(2)), 
n G N, satisfying the requirement that whenever h: A (n) — > A(m) is a morphism of 
graded unital algebras, then f m o h{X) = /i(2J) o f nj where h(X) : pt n (X) — > pt m {X) 
and /i(2J) : pt n (2)) - >■ p£m(2)) are mappings images of /i under the functor X. 
The rule 

/(«) = [z n /n(x)] (8-6) 

determines a mapping from ptoo(X) to ptoo(2J), and it follows directly from the fact 
that / is a functor morphism that our newly-defined mapping commutes with the 
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action of the semigroup E^. The verification that the assignment ( |8.6| ) satisfies the 
functorial properties is easy, and thus our first objective is achieved. 

The next step is to show that different virtual superspaces are being sent to different 
£oo-spaces. To this end, note that an arbitrary virtual supserspace, X, can be fully re- 
covered from the £oo-set pioo(3£). Indeed, it is enough to observe that for every nGN, 
the set pt n (X) is obtained as the image of the mapping w n : pt^iX) — > pt^X), while 
for every morphism h: A in) — > A(m) the mapping h{X) : pt n {X) — > pt m {X) deter- 
mined by it is obtained by setting, for each x G pt n (X), h{X)(x) = w m (i m o h o ix n (x)) . 
Consequently, we obtain an isomorphism of the category of virtual superspaces with 
a subcategory of ^-sets. 

It remains to show that this subcategory is full, that is, we do not get any additional 
morphisms on top of those determined by morphisms between virtual superspaces. 
With this purpose, observe that every morphism of f^-sets, /: pt^iX) — > ptoc(%)), 
determines a collection of mappings f n : pt n {X) — > pt n (%)) defined for each n by an 
obvious rule f n = zu n fi n . Being equivariant, / commutes with the mappings of the 
form h m> m where h: A (n) — > A(m) is an arbitrary morphism of Grassmann algebras, 
and this implies easily that the collection (f n )nEN is a functorial morphism. The 
morphism of ^-sets determined by it is exactly /. This finishes the proof. □ 

The following result is obtained from the previous one word for word by keeping 
track of continuity of all participating mappings throughout the proof. 

Theorem 8.6. The category of virtual topological superspaces is isomorphic to a full 
subcategory of the category of topological Soo-spaces. □ 



Remark 8.7. The subcategories that we obtain are proper in both cases. For example, 
no £oo-set, X, endowed with a constant action of £ oo of the form gx = xq for all g G £oo, 
x G X, and a fixed x G X, is an image of a virtual superspace: every ^-set, X, 
obtained from a virtual superspace is a union of its subsets of the form w n {X). 

If one wants to establish an isomorphism of the category of virtual (topological) 
superspaces with that of all (topological) G-spaces, then it probably makes sense to 
consider the semigroup of all continuous endomorphisms of A(oo) (or other locally 
convex Grassmannian algebra, such as the DeWitt algebra with its canonical 



Frechet topology, see |52], gj] for examples), so that the semigroup of transformations 
will have both unity and topology, enabling one to exercise some control over the 
behaviour of subsets of X of the form zu n (X). □ 



Remark 8.8. Notice that in both Theorems |8.5| and fg.6| we could only speak of cat- 
egories being isomorphic rather than equivalent: indeed, an isomorphism between 
categories in question depends on the choice of a set of free odd generators for the 
infinite-dimensional Grassmann algebra A(oo), and therefore there is no canonical 
isomorphism in sight. □ 
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Remark 8.9. The procedure of compactification of virtual topological superspaces, 
outlined in Remark [7.5| , can be easily described in dynamical terms. Let X be an 
arbitrary virtual topological superspace. Since the acting semigroup, £oo, is discrete, 
its action extends to the Stone-Cech compactification, /3(ptoo(X)), of the topological 
£oo-space pt^X) simply by extending each motion g: pt^X) — > pt^X) to a con- 
tinuous self-mapping of the Stone-Cech compactification. The resulting f^-space, 
(3(ptoo(X)), is easily seen to contain the f^-space ptoo(PX) as an everywhere dense 
cr-compact £oo-subspace, where (3X is the virtual compact space described in Remark 



77q . In general, pt^^X) is non-compact, but rather a /c^-space (an easy example to 
check is X = M. 1 * 1 ). It means that the f^-space /3(ptoo(X)) does not, in general, come 
from a virtual topological space. The ^-space pt^pX) is obtained as the union of 
closures formed in in P^pt^^X)) of all subspaces of the form i n {pt n {X)) . □ 



The previous Remark |8.9| makes it evident that an abstract dynamical approach, in 
which the basic object of study is an arbitrary topological £ oo-space, is even more gen- 
eral than the functorial one. There is a certain room for theory development, including 
formulating and proving analogues of all the major classical results of topology. 

However, it appears that even this approach to the problem is too narrow to in- 
corporate some of the much desired but as yet non-existent objects of supertopology 
such as the purely odd projective superspace (cf. the next Section.) 

Nevertheless, it might well happen that the dynamical approach offers a good 
vantage point from which to survey the present state of the theory and map out 
future directions. 



9. Final discussion: compactness vs cohomology 

Now the reader is prepared to face the challenging concrete problems dealing with 
the existence of nontrivial analogue of topologies for superspaces, and in particular, 
about compactifications 'along the odd directions'. We believe that the best way to 
outline them is to quote directly from three esteemed experts in the area, adding 
some minimalistic comments of our own. 

D. A. Leites was probably the first to put the problem forward. Here is how he 
describes it in his problem survey article f45fl , pp. 650-651. 



(c) Everybody knows the importance of orbits of group actions, e.g. those in the 
coadjoint representation host all the classical mechanics. Now the category of 
super manifolds is not closed with respect to supergroup actions. Consider for 
instance GL(n) acting on the space of the identity representation. There are 
two orbits: the origin and the rest. If we now look at the space as an (0, n)- 
dimensional supermanifold we see that the complement to the origin is just a 
kind of halo, indescribable except in the language of the point functor. The 
functor corresponding to the complement of the origin is not presented by a 
supermanifold. 
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Functors on the category of commutative (super)algebras represented by mani- 
folds or supermanifolds are good because you can construct differential or "at 
least" algebraic geometries on them. How to distinguish subfunctors correspond- 
ing to the orbits of supergroup action? (A similar problem takes place for groups 
and their orbits in prime characteristics.) 

Is it possible to construct mechanics on such orbits, i.e. integral and differen- 
tial calculus? 

A moment's thought shows that the situation is even less favourable than it appears 
from the above quotation: the hypothetical object of supergeometry described by 
Leites as the principal orbit of the action of GL(n) on the purely odd dimensional 
supermanifold pt n does not even correspond to a virtual superspace. More exactly, 
the 'functor corresponding to the complement of the origin' referred to by Leites does 
not exist. Assuming such a virtual superspace, X, existed, one would obviously have 
for q = 

pt (X)=pt (pt q )\{0} = (H (9.1) 
Since X is a covariant functor, the above observation leads to that 

pt y (X)C{3(X)- 1 (pt (X))=® (9.2) 

for all q, where f3: A (q) — > A(0) = k is the homomorphism of augmentation. 

This remark shows in a most striking way that none of the known frameworks for 
supergeometry, not even the functor of points, allows for the existence of some of the 
most interesting objects one would like to see implemented in supertopology. 

Here is how Yu. I. Manin has formulated the problem in his survey paper |46 

How do we compactify a supermanifold in the odd directions? 

Apparently, the lack of this procedure hinders the construction of a cohomol- 
ogy theory of supermanifolds in which the Schubert supercells have classes that 
depend not only on their substructure. 

Leites put forward the conjecture that in a suitable category there must be 
an object "purely odd projective superspace": the factor of the complement 
Spec . . . ,£„] \ Spec k under the action of the multiplicative group (t,£i) i— ► 
(t£i). In the usual sense of the word, the corresponding space is empty. 

In our notation, Spec fc[£i, . . . , £ n ] = pt n , while Spec k = pt . Again, one cannot as- 
sociate to the 'purely odd projective superspace' a non-degenerate virtual superspace 
for the same reason as before. 

Ivan Penkov argues in ]5l] that a satisfactory cohomology theory can hardly be 
constructed for general supermanifolds without a good understanding of the com- 
pactification in the odd dimensions, and suggests a paradoxical idea that for certain 
supergroups G the right analogue of such a compactification procedure is specifying 
an action of G on an affine superspace. We quote fl5lf : 

However, it is essential to note that, to our mind, the problem ... is intimately 
bound with another two most important and interrelated problems in the theory 
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of complex (algebraic or analytic) super manifolds; the problem of compactifi- 
cation along odd directions, as formulated by Manin j^6|, and the problem of 
constructing a cohomology theory on supermanifols, in which the cohomology 
groups are indexed by elements of ^[e], i.e., by elements of the dimension semi- 
group of the supermanifolds. (Incidentally, only solutions to these problems will 
yield a definite definition of the concepts of "compactness" and "cohomology 
theory" in question.) 



Thus, it is hardly likely that the required cohomology theory for general super- 
manifolds could be constructed without a good understanding of odd compactifi- 
cation. However, on supermanifolds of the form G° jP (which to all appearances 
admit a canonical compactification along odd directions)^ it should be possible 
to reach the goal directly. 

Discussing this idea at any depth would lead us far astray from the topic of this 
paper, and as far as we are aware, no further progress in this direction has been made 
yet. 

Instead, we conclude this paper with a few comments about cohomology theories 
on supermanifolds. Instances of such theories were considered since the very first 
developments of supergeometry. A cohomology theory which is quite natural to take 



into account is the de Rham cohomology of the graded differential forms ||39|| . Let 
X = (X, S) be a supermanifold of dimension (m, n) , and let T>er S be the sheaf 
of graded M-linear derivations of S: for every open set U C X, T>er S(U) is the 
space (actually, a graded S(U) -module) of all M-linear morphisms D : S{U) — > S(U) 
satisfying the graded Leibniz rule 

D(fg) = D(f)g + (-lfffD(g) 

(whenever D and / are homogeneous; a tilde denotes here again the grading of an 
element in a graded module). By a straightforward generalization of what happens 
in ordinary differential geometry, the sheaf T>er S plays here the role of the sheaf of 
sections of the tangent bundle to X. The graded 5-dual of VerS, denoted f^, is 
the sheaf of graded differential 1-forms. Now, proceeding as in the ordinary case, one 
introduces for every natural number p the sheaf of graded differential p-forms f^, 
and an exterior differential d: — > such that d 2 = 0. The super de Rham 

cohomology of X is the cohomology of the complex 

s(x) -±> ni(x) fippQ a p +\x) -±> ... 

(here Q P X (X) is the graded IR-vector space of global graded p-form on X, etc.) If r], 
t are odd (in the Z 2 -gradation) graded differential 1-forms, then 77 A r = r A 77; as 
a consequence, the sheaves are nontrivial for every p, i.e., the super de Rham 
complex is not bounded from above. However this is the source of little trouble, 



2 Here G° is a classical Lie supergroup [^0|, and P is a parabolic sub-supergroup [Note of the 
authors] . 
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in that the super de Rham cohomology of X is isomorphic to the ordinary de Rham 
cohomology of the differentiable manifold X [|39| , ||. 

Recently a cohomology for supermanifolds has been proposed |68| (related papers 
are also 0, [b|, [15], ^9], [HJ), which is claimed to be nontrivial, i.e. to be in general 



nonisomorphic to the de Rham cohomology of the underlying manifold. However, it 
has also been claimed that in order to be consistent this theory must be constrained 
in such a way that it reduces once more to the super de Rham cohomology theory 
above described [64| (cf. also [55 for related work, where still another cohomology 



theory is proposed.) 

Cohomology theories have also been considered in a category of supermanifolds 
which is wider than the one here considered. This category was introduced in ||, 
and thoroughly studied in the papers f| |7|] and in ||, to overcome some inconsis- 
tencies of the original approach by Rogers ([Q j5T| ; see also [|26], |58|]). In particular 



a generalization of the ordinary de Rham cohomology has been formulated for this 
category j5{| f|, ^lj, ||. Given a supermanifold (X, A) in this category, this cohomol- 
ogy is nonisomorphic to the de Rham cohomology of the underlying differentiable 
manifold essentially when the sheaf A has nontrivial Cech cohomology (it should be 
noticed that the Cech cohomology of the structure sheaf of the supermanifolds we 
have considered in this paper is always trivial, as it happens with the ordinary differ- 
entiable manifolds). Therefore this cohomology is sensitive to the 'superdifferentiable' 
structure of the supermanifolds rather than to its 'supertopology' (whatever this may 
mean) , as it is shown by the examples in [[|. [5| . 

The study of this category of supermanifolds falls beyond the scope of the present 
work. Anyway, it remains unclear to what extent this category supplies answers to 
some of the above problems, and to what extent merely seeks to reformulate them in 
disguise. 
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